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A mixed  boundary-va lue  p rob l em  of potent ial  theory  is  t r e a t ed  for  a ha l f -p lane  in the case  in 
which two equal p a r t s  of the boundary  a re  at constant but different t e m p e r a t u r e s ,  while the re  
is  heat t r a n s f e r  in accordance  with Newton 's  law o v e r  the r e s t  of the surface .  

F o r m u l a t i o n  o f  t h e  P r o b l e m  

We a r e  to find the solution of the Laplace  equation 

A a = 0 ,  y > 0 ,  - - c ~ < x ~ +  r 

under  the boundary  conditions 

u = T 1 ,  y = O ,  - - l ~ < x ~ - - a ,  u = T ~ ,  y = O ,  r162  I, 

~ + h u = O ,  y = O ,  IxI<cr i x l > l  
@ 

and conditions at infinity, 

where  A, h > 0, T1, and T 2 
sum of two functions, 

where  

iaj < A ]_~x ~ A ~ Ou A = ] / x - ~  y ~ - - ,  i < - - -  i < - -  r - - ~ ,  
r i r ~ ' } @  r ~" ' 

(1 )  

(2) 

( 3 )  

are  constants ,  and we have 0 < a < 1. We seek  a solution of p rob l em (1)-(3) as the 

u = u + +  u- ,  (4)  

u + (x; y) - -  u + ( - -  x; y) ,  u -  ( - -  x; y) = - -  u -  (x; y). 

Each of the t e r m s  in (4) sa t i s f i es  Eq. (1) and condition (3); condition (2) is  wr i t ten  

u •  • y = O ,  a . < . x ~ l ,  

where  

T §  T~@T 1 , T - = - - T 2 - -  T1 
2 2 

TO solve p r o b l e m  (1) we int roduce the complex potent ia l  

O (z) = l§ (z) + f -  (z), z = x + @, ~ ~ o, 

(5)  

(6)  

where* 
f• (z) = u • + iv • 

*Below we omit  the ":~." 
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I n t e g r a l  F r e d h o l m  E q u a t i o n s  f o r  t h e  I m a g i n a r y  P a r t  
o f  t h e  C o m p l e x  P o t e n t i a l  

Us ing  the  r e s u l t  of  [21 w e  can  e a s i l y  f ind i n t e g r a l  equa t ions  f o r  the  funct ions  v+(x) and v - (x )  [31 : 
! 

I e=  
o~ 

1 ~  x 
= h T + ( l - - a )  . 1 - - ~  

2 arc sin l///" 1 - -  x ~- +~v  + (~z) ~ 1 - -  ~z~ 

w h e r e  ce _< x -< 1, v + ( ' x ) = - v + ( x ) .  
1 

,','n I 

 1--o 
w h e r e  

2 are sin V 1 ~ ~ ' J  + 

~-v*(1) -~- arccos --e ~ 

H IF (,~; k) - -  F (~; k)l [ dt = 
H [F (q~; k) + F (~; k)] I 

K K ' 

o-ix)  = o- ( - -  x), 

(7) 

(s) 

/" l _ _ t ~  / 1 - - x  2 
q~ = arc sin V 1 - -  r 2 ' ~ = arc sin V 1 - -  r ~ ' 

F( q~; k)  i s  t he  e l l ip t i c  i n t e g r a l  o f  the  f i r s t  k ind  of m o d u l u s  k = ~ F I ' - ~ 2 ,  k '  = ~; K = K ( k )  is  the  c o m p l e t e  e l -  
l ip t ic  i n t e g r a l ,  and H(W) i s  the  J a c o b i  e t a  function.  

We  s e e k  so lu t ions  of  Eqs.  (7) and (8) in t he  f o r m  

v (x) = v o (x) + v (~z) a (x) + ~ (1) B (x). (9) 

T h e  func t ions  v0(x),  A(x) ,  and B(x)  a r e  found b y  the  m e t h o d  of  s u c c e s s i v e  a p p r o x i m a t i o n s  as  s e r i e s  in p o w e r s  
of  h [ i ] .  T h e  c o m p l e x  po ten t i a l  (6) i s  d e t e r m i n e d  wi th in  the  cons t an t  quan t i t i e s  v (a )  and v(1): 

I (z) = to (z) + v (a) I~ (z) + v (1) L (z). 

L ( z ) =  h T ( l  --(z)?(z) 

Ix (z) = - -  V (z) + 

h (z) = ~, (z) + h 

1 

+ h  j" vo(OG(z; t)dt; 

1 

h S A (t) G (z; t) dr; 
o~ 

I 

.( B (t) ~(z;  t) dr; 
e, 

exp hi (~ - -  z) d~ 

exp hi (~ - -  z) d~ 

r i~ ~ -  1) (~  - -  ~ )  

(1o) 

Here 

z 

i ;  
Y- (~) = K 

2 

~ exp hi (~ - -  z) d~ 
G + (z; t) = n2 , ]/'(1 - -  t *) (t ~ - -  r (t* - -  ~') V(~ '  - -  1) (~ ' - -  r ; 

2 

G-(z; t ) =  ~2t~ 1,:-(1 ~ t  2)(l ~ e  ~) f ( t 2 - - ~ ) V ( ~  ~exphi(~z) ( ~ 2 - a ~ )  ____2K~ Z(~; k)?- (z ) ,  Imz~70;  

z 

Z.(~o;  k)  = E( ~0; k)  - ( E / K )  F(~0; k)  i s  the  z e t a  funct ion,  E(  ~o; k)  t s  the  e l l ip t ic  i n t e g r a l  of  the  second  kind, 
and E = E(k) i s  the  c o m p l e t e  e l l i p t i c  i n t eg ra l .  Set t ing z = a in  (10), w e  find a s y s t e m  of  a l g e b r m c  equa t ions  

2 3 8  



for  the constants  v(c~) and v(1): 

Re/: (cz) = P~e fo (a) + v (ct) Re fl (~) + v ( ! )  Re [2 (c~), 

Im f (a) = Im f0 (a) + v (c 0 Im fx (a) + v (1) Irn f~ (a). 

Solving sys tem (11) by the method of success ive  approximations,  we find expansions for  v(~) 
cony, rge at sufficiently small  values of h: 

~v~d v(1) 

(11) 

which 

- + 0 (h~), ~ (~) h~ + h [ 2 C] 
T+ In h ] /1 - -~z  z 

r~ h(K'--E') 
v + (t) _ h -~ 2 2hE1([r ~ O(h*), 

2 c In h V f - - ~ '  c T+ In h ]/1 --~z* 

v-(~z) K ~ In 2e - - C  - - h  ~z+ (K')I 
T- K' + K' h l / l - - ~ '  

= 
T- K' L 

--C ] --h + O(h Ilnh), 

where  
~/2 g/2 

El(k)= j" E(q); k) dg; F,(k)= ~ F(9; k) dep; K '=K(k ' ) ,  
0 0 

and C = 0.577215. . .  is the Eule r  constant. 

Using expansions (12), we can d i rec t ly  calculate  the total  heat fluxes ac ross  the var ious par t s  of the 
boundary:  I - a ,  +a], [ -1 ;  +1], [c~; 1], [1; oo). For  example,  the total  heat flux ac ross  par t  Ice; 1] is  

Q T~ + T 1 2 

K0 2 In h ] /1  - - a  S 

2hEx (,) } { K - -  ~ + O ( h  2) + T2- -  T1 

In h V  1 - a z  

..~ 2hF~(k) +O(h']nh)}--hr~.(l--~}, 
' (K,)2 

where  K0 is  the the rma l  conductivity and Q is  the total  heat flux. 

We note, in conclusion, that the nature  of the analytic dependence of the solutions on the p a r a m e t e r  h 
in this p rob lem is quite different  f rom that in the c lass ica l  case  of [1]. 

(12) 

(13) 

1, 

2. 
3. 
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